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Abstract
We obtain an equivalent version of Carlitz’s formula for the number of monic irreducible
polynomials of degree n and trace  = 0 over a ﬁnite ﬁeld via an integer recurrence. Similar
expressions for the =0 case are also given. We also obtain formulas for the number of monic
irreducible polynomials of degree n and prescribed constant term.
© 2005 Elsevier Inc. All rights reserved.
Keywords: Finite ﬁeld; Polynomials
1. Introduction
We let q = pr , where p is prime. For a positive integer n consider the polynomial
xq
n − x over the ﬁnite ﬁeld Fq. It is well known that
xq
n − x =
∏
∈Fqn
(x − ) =
∏
d|n
P (d, q),
where P(d, q) denotes the set of all monic irreducible polynomials of degree d
over Fq.
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By taking degrees on both sides of this equation and then applying Möbius inversion,
this equation leads to the well-known formula
N(n, q) = 1
n
∑
d|n
(d)qn/d (*)
for the number of monic irreducible polynomials of degree n over Fq.
The trace of a polynomial f (x) ∈ P(n, q) is the coefﬁcient of xn−1 in f . The trace
of f will be denoted by tr(f ).
For  ∈ Fq, let P(n, q) denote the set of monic irreducible polynomials over Fq of
degree n and trace . Denote the size of P(n, q) by N(n, q).
Carlitz’s formula [1] for N(n, q) when  = 0 is
N(n, q) = 1
qn
∑
d|n
d pfree
(d)qn/d,
where d pfree means that p does not divide d .
Using a generalized Möbius inversion argument, Ruskey et al. [4] could also obtain
this formula for N(n, q).
Mullen [3] asked the following question. Can one just consider the polynomial
Bn,(x), which is the product of all monic irreducible polynomials over Fq with degree
dividing n and trace , compute degrees, use a standard Möbius inversion as was done
in (∗) for N(n, q) and obtain an equivalent version of Carlitz’s formula for N(n, q)?
In this note we do precisely that. The degree count involves a bijection and an integer
recurrence with which we begin Section 2. Formulas for N0(n, q) are given also. In
Section 3, we give formulas for the number of monic irreducible polynomials over Fq
of degree n with prescribed constant term. These are obtained through a study of the
factorization of certain cyclotomic polynomials.
2. Prescribed trace
Lemma 2.1. If  and  are non-zero elements of Fq then N(n, q) = N(n, q).
Proof. Deﬁne the map  : P(n, q) → P(n, q) by
(f (x)) =
(


)n
f
( 

x
)
.
It is easy to see that  is a bijection. 
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Consider the integer recurrence
D(1) = 1,
D(n) = qn−1 + D(n/p) for n > 1.
When n is pfree, D(n/p) is deﬁned to be 0. The ﬁrst few terms of this sequence
are 1, 3, 4, 11, 16, 36, 64, 139, when q = 2.
Lemma 2.2. Write n = pkm with m being pfree.
D(n) =
k∑
i=0
qp
k−im−1.
Proof. This is an easy induction on k. If k = 0 then n = m is pfree and both sides of
the equation equal qn−1. For k > 0,
D(n) = D(pkm) = qpkm−1 + D(pk−1m)
= qpkm−1 +
k−1∑
i=0
qp
k−1−im−1 =
k∑
i=0
qp
k−im−1. 
For a positive integer n and  ∈ Fq, deﬁne the polynomial qn,(x) over Fq by
qn,(x) =  + x + xq + xq2 + · · · + xqn−1
Lemma 2.3.
xq
n − x =
∏
∈Fq
qn,(x).
Proof. Replacing x by x + xq + xq2 + · · · + xqn−1 in the equation
xq − x =
∏
∈Fq
(x + )
yields the result. 
Let Pn denote the set of all monic irreducible polynomials over Fq whose degree
divides n.
214 Joseph L. Yucas / Finite Fields and Their Applications 12 (2006) 211–221
Lemma 2.4. Suppose 0 =  ∈ Fq and let Hn, = {h(x) ∈ Pn:n/deg(h) is pfree and
(n/deg(h))tr(h) = }. Then
qn,(x) =
∏
h∈Hn,
h(x).
Proof. Let r(x) be an irreducible factor of qn,(x) of degree d. Since qn,(x) divides
xq
n − x we see that d divides n. Let  ∈ Fqd be a root of r(x). Then
−tr(r) = trqd () :=  + q + · · · + q
d−1
.
Since d divides n and  satisﬁes qn,(x) we see that n/d must be pfree and (n/d)trqd
() = . On the other hand, if h is monic and irreducible, d = deg(h) divides n, n/d
is pfree and (n/d)tr(h) =  then any root of h(x) will satisfy qn,(x). 
Write qn,(x) = g1(x)g(x) where
g1(x) =
∏
h∈Hn,
d=n
h(x) and g(x) =
∏
h∈Hn,
d<n
h(x).
Note that
g1(x) =
∏
h∈G1
h(x),
where
G1 = {h(x) ∈ Pn:deg(h) = n and tr(h) = }.
Let
G2 = {h(x) ∈ Pn:p divides n/deg(h) and tr(h) = }
and
G3 = {h(x) ∈ Pn:deg(h) < n, n/deg(h) is pfree and tr(h) = }.
Deﬁne gi(x), for i = 2, 3, by
gi(x) =
∏
h∈Gi
h(x).
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Then clearly,
Bn,(x) = g1(x)g2(x)g3(x)
is the product of all monic irreducible polynomials over Fq with degree dividing n and
trace .
Proposition 2.5. Let D(n)=deg(Bn,). Then D(n) satisﬁes the recurrence of
Lemma 2.2.
Proof. Notice that g2(x) is the product of all monic irreducible polynomials whose
degree divides n/p of trace . Hence, deg(g2) = D(n/p). The bijection of Lemma 2.1
implies that deg(g3) = deg(g). Thus we have,
D(n) = deg(Bn,) = deg(g1) + deg(g2) + deg(g3)
= deg(g1) + D(n/p) + deg(g) = deg(qn,) + D(n/p)
= qn−1 + D(n/p). 
Theorem 2.6. For 0 =  ∈ Fq,
N(n, q) = 1
n
∑
d|n
(n/d)
kd∑
i=0
qp
(kd−i)md−1,
where d = pkdmd with md pfree.
Proof.
D(n) = deg(Bn,) =
∑
d|n
dN(d, q).
By Lemma 2.2,
D(n) =
k∑
i=0
qp
k−im−1,
where n = pkm with m being pfree. Now apply a standard Möbius inversion. 
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Corollary 2.7. Write n = pkm with m being pfree. For 0 =  ∈ Fq,
N(n, q) = 1
nq
∑
d|m
(d)qn/d .
Proof. Suppose r is a divisor of n. Then r = pjd with d dividing m and 0jk.
If j < k − 1 then p2 divides n/d thus (n/d) = 0. Hence, in Theorem 2.6 we need
only consider divisors of n of the form pkd or pk−1d where d divides m. Note that
(n/pkd) = (m/d) and (n/pk−1d) = −(m/d). Consequently,
(n/pkd)
k∑
i=0
qp
k−i d−1 = (n/pkd)
(
qp
kd−1 +
k∑
i=1
qp
k−i d−1
)
= (n/pkd)
(
qp
kd−1 +
k−1∑
i=0
qp
k−1−i d−1
)
.
Hence,
(n/pkd)
k∑
i=0
qp
k−i d−1 + (n/pk−1d)
k−1∑
i=0
qp
k−1−i d−1
= (n/pkd)qpkd−1 = (m/d)qpkd−1.
By Theorem 2.6 we have
N(n, q) = 1
n
∑
d|m
(m/d)qp
kd−1
= 1
nq
∑
d|m
(m/d)qp
kd = 1
nq
∑
d|m
(d)qn/d . 
We conclude this section with similar expressions for N0(n, q). Using (*),
Lemma 2.1 and Corollary 2.7 one obtains
Corollary 2.8. Write n = pkm with m being pfree. Then
N0(n, q) = 1
nq
∑
d|m
(d)qn/d − 
n
∑
d|m
(d)qn/dp
where  = 1 if k > 0 and  = 0 if k = 0.
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Another equivalent formula for N0(n, q) can be obtained by considering the polyno-
mial
qn,0(x) = x + xq + xq2 + · · · + xqn−1
and following along the lines of Lemma 2.4. Deﬁne
n =
{
1 if p divides n,
0 otherwise.
Proposition 2.9.
N0(n, q) = 1
n
∑
d|n
n/d pfree
(n/d)[qd−1 − d(qd/p − 1) − 1].
Example. Suppose q = 3 and n = 6. By Corollary 2.7,
N1(6, 3) = N2(6, 3) = 118 (36 − 33) = 39.
By Corollary 2.9,
N0(6, 3) = 118 (36 − 33) − 16 (32 − 31) = 38.
By Proposition 2.9,
N0(6, 3) = 16 (−[32 − (31 − 1) − 1] + [35 − (32 − 1) − 1]) = 38.
These values can be checked from the table on p. 555 of Lidl and Niederreiter [2].
3. Prescribed constant term
In [1], Carlitz obtained formulas for the number of monic irreducible polynomials
over Fq with prescribed trace whose constant term is a square (non-square). In this
section we study monic irreducible polynomials over Fq with prescribed constant term.
For a positive integer n set
Dn = {r : r|qn − 1 but r does not divide qm − 1 for m < n}.
For r ∈ Dn let P(n, r, q) denote the collection of all monic irreducible polynomials
over Fq of degree n and order r . Qr will denote the rth cyclotomic polynomial and 
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will be Euler’s function. The following theorem is well-known, see [2, Theorem 2.47]
for example.
Theorem 3.1. For r ∈ Dn
|P(n, r, q)| = (r)/n
and
Qr =
∏
f∈P(n,r,q)
f.
Further, each f ∈ P(n, r, q) is the minimal polynomial of a primitive rth root of unity
in Fqn .
It follows then that we obtain an equivalent formula for N(n, q), the number of
monic irreducible polynomials of degree n over Fq.
N(n, q) = 1
n
∑
r∈Dn
(r).
For r ∈ Dn, write r = drmr where dr = (r, qn−1q−1 ). Then mr divides (q − 1). We let
r denote the collection of all rth roots of unity in F∗qn and we set
Mr = {a ∈ F∗q : ord(a)|mr}.
r is a subgroup of F∗qn of order r and Mr is a subgroup of F∗q of order mr . Consider
the norm homomorphism N : F∗qn → F∗q deﬁned by
N() = (qn−1)/(q−1)
and let Nr denote the restriction of N to r .
Proposition 3.2. Im(Nr) = Mr .
Proof. Write (qn − 1)/(q − 1) = drk. If  ∈ r then drmr = 1 and Nr() = drk .
Hence
Nr()
mr = drkmr = (drmr )k = 1.
Consequently, ord(Nr()) divides mr . This shows that Im(Nr) ⊆ Mr .
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Now suppose  is a generator of Ker(Nr). Then drmr = 1 and drk = 1. Since
(drk,mr) = 1 we see that ord()dr . Consequently,
|Ker(Nr)| = ord()dr
hence
|Im(Nr)| = r|Ker(Nr)|
r
dr
= mr.
This yields the result. 
Corollary 3.3. Suppose r ∈ Dn and as above write r = drmr with dr = (r, qn−1q−1 ). If
f (x) is an irreducible factor of Qr(x) then (−1)nf (0) has order mr in F∗q.
Proof. Let  be a root of f (x) in F∗qn .  is a primitive rth root of unity and hence
generates r . The image of  under Nr is thus a generator of Mr , that is, has order
mr . But Nr() = (−1)nf (0). 
Corollary 3.4. Suppose r ∈ Dn and as above write r = drmr with dr = (r, qn−1q−1 ).
For each a ∈ F∗q of order mr there are (r)/n(mr) irreducible polynomials f (x) in
the factorization of Qr with (−1)nf (0) = a. In particular, this number is independent
of a.
Proof. Suppose a ∈ F∗q has order mr . By Proposition 3.2, there is a coset of Ker(Nr)
consisting of primitive rth roots of unity which is mapped onto a by Nr . If  is in this
coset then the minimal polynomial of  satisﬁes (−1)nf (0) = a. Further, this coset
splits into cyclotomic cosets of size n. Thus for each a ∈ F∗q there are |Ker(Nr)|/n
irreducible polynomials f (x) in the factorization of Qr with (−1)nf (0) = a. Qr has
(r)/n factors and there are (mr) elements of order mr in F∗q thus
|Ker(Nr)|
n
= 1
(mr)
(r)
n
. 
The following theorem now follows.
Theorem 3.5. 1. Let r ∈ Dn and suppose a ∈ F∗q has order mr . Further, let N(n, r, a, q)
denote the number of monic irreducible polynomials over Fq of degree n, order r and
with constant term (−1)na, Then
N(n, r, a, q) = (r)
n(mr)
.
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2. Suppose a ∈ F∗q has order m and let N(n, a, q) denote the number of monic
irreducible polynomials over Fq of degree n and with constant term (−1)na. Then
N(n, a, q) = 1
n(m)
∑
r∈Dn
mr=m
(r).
Example. Take q = 5 and n = 2. Then qn − 1 = 24, qn−1
q−1 = 6, q − 1 = 4 and
Dn = {3, 6, 8, 12, 24}. For r ∈ Dn we have
r dr mr
3 3 1
6 6 1
8 2 4
12 6 2
24 6 4
.
It follows then that
N(2, 3, 1, 5) = (3)
2(1)
= 1, N(2, 6, 1, 5) = (6)
2(1)
= 1,
N(2, 8, 2, 5) = N(2, 8, 3, 5) = (8)
2(4)
= 1,
N(2, 12, 4, 5) = (12)
2(2)
= 2,
N(2, 24, 2, 5) = N(2, 24, 3, 5) = (24)
2(4)
= 2,
N(2, 1, 5) = 1
2(1)
((3) + (6)) = 2,
N(2, 2, 5) = N(2, 3, 5) = 1
2(4)
((8) + (24)) = 3,
N(2, 4, 5) = 1
2(2)
((12)) = 2.
These values can be checked from the table on p. 557 of Lidl and Niederreiter [2].
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